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ON THE MIXING TIME AND SPECTRAL GAP FOR BIRTH 
AND DEATH CHAINS 

GUAN-YU CHENi AND LAURENT SALOFF-COSTE^ 



Abstract. For birth and death chains, we derive bounds on the spectral gap 
and mixing time in terms of birth and death rates. Together with the results 
of Ding et al. in 15 , this provides a criterion for the existence of a cutoff 
in terms of the birth and death rates. A variety of illustrative examples are 
treated. 



1. Introduction 

Let i7 be a countable set and {il, K, tt) be an irreducible Markov chain on fl with 
transition matrix K and stationary distribution n. Let / be the identity matrix 
indexed by fl and 



i=0 

^ , be the associated semigroup which describes the corresponding natural continuous 

^sO ' time process on il. For 6 € (0, 1), set 

Cn : (1-1) Ks = SI+{l-6)K. 

. [ Clearly, Ks is similar to K but with an additional holding probability depending 

^r ■ of 6. We call Kg the ^-lazy walk or 5-lazy chain of K. It is well-known that if K is 

irreducible with stationary distribution tt, then 



lim Kr{x,y) = lim Ht{x,y) = 7r(y), yx,yen,6e (0, 1) 



In this paper, we consider convergence in total variation. The total variation 
^\ . between two probabilities /i, v on ft is defined by ||/i — z^||tv = sup{/i(A) — 1^(^)1 A C 

n}. For any irreducible K with stationary distribution tt, the (maximum) total 
variation distance is defined by 

(1.2) dTv(m) - sup \\K"-{x, •) - ttIItv, 

xen 

and the corresponding mixing time is given by 

(1.3) rTv(e) = inf{m > 0|dTv(TO) < e}, Vee(0, 1). 

(c) (c) 

We write dr^yjTr^y for the total variation distance and mixing time for the contin- 
uous semigroup and d^y.T^y for the (5- lazy walk. 
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A birth and death chain on {0, !,...,«} with birth rate pi, death rate qt and 
holding rate rt is a Markov chain with transition matrix K given by 

K{i,i + 1) = pt, K{i,i~l) ^ Qi, K{i,i) = r^, VO < i < n, 

where Pi + Qi + ri = 1 and p^ — qo = Q. It is obvious that K is irreducible if 
and only if PiQi+i > for < * < '^^ Under the assumption of irreducibility, the 
unique stationary distribution tt of iiT is given by 7r(j) = c{po ■ ■ •p,;_i)/(gi • • • qt), 
where c is a positive constant such that X]i=o^(*) ~ ^- "^^^ following theorem 
provides a bound on the mixing time using the birth and death rates and is treated 
in Theorems 13.11 and 13.51 



Theorem 1.1. Let K he an irreducible birth and death chain on {0,1, ...,n} with 
birth, death and holding rates pi,qi,ri. Let iq be a state satisfying 7r([0, iq]) > 1/2 
and 7r([io,n]) > 1/2, where ii{A) — X^ieA ""(*),■ ^^'^ ^^^ 



Then, for any 5 G [1/2, 1), 



{4t,Hl/10),4t^(l/20)}>^, 



and 

max{4;)(e),4t^(e)} < H!, Ve € (0,1). 

The authors of [TS] derive a similar upper bound. Note that if (Xm)m=o i^ ^ 
Markov chain on n„ with transition matrix K and Ti := min{77i > 0|Xm = i}, then 
t = m.ax.{EoTig,'EnTig}, where E^ denotes the conditional expectation given Xq = i. 
See Lemma [3T2l for details. 

A sharp transition phenomenon, known as cutoff, was observed by Aldous and 
Diaconis in early 1980s. See e.g. [TOl IS] for an introduction and a general review of 
cutoffs. In total variation, a family of irreducible Markov chains {fin, LCn, '^n)?^=i is 
said to present a cutoff if 

(1.4) hm ^^^ = 1, VO < 6 < ^ < 1. 

The family is said to present a (i„, 6„) cutoff if 6„ = o(t„) and 

\Tn,Tv{e)-t„\=0{bn), VO<e<l. 

The cutoff for the associated continuous semigroups is defined in a similar way. 
Given a family J^ of irreducible Markov chains, we write J-'c and J^s for th^ families 
of corresponding continuous time chain and (5-lazy discrete time chains. 

Let T = {(r^n, Kn, TTn)\n — 1, 2, ...} be a family of birth and death chains, where 
^n — {0, 1, ..., n} and Kn has birth rate Pn,i, death rate qn,i and holding rate r„_i. 
Suppose that Kn is irreducible with stationary distribution 7r„. For the family 
{{Un,Kn,TTn)\n = 1,2, ...}, Ding et al. [Kj showed that, in the discrete time case 
and assuming infi_„r„_i > 0, the cutoff in total variation exists if and only if the 
product of the total variation mixing time and the spectral gap, i.e. the smallest 
non-zero eigenvalue oi I — K , tends to infinity. There is also a similar version for 
the continuous time case. In [6], we use the results of [13l [15] to provide another 
criterion on the cutoff using the eigenvalues of Kn- In both cases, the spectral gap 
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is needed to determine if there is a cutoff. Tfie following theorem provides a bound 
on the spectral gap using the birth and death rates. 

Theorem 1.2. Consider an irreducible birth and death chain K on {0, 1, ..., n} with 
birth, death and holding rates, Pi,qi,ri. Let n and X be the stationary distribution 
and spectral gap of K and set 

max < max > — -— , max 



where ig is a state such that 7r([0,io]) > 1/2 and TT([io,n\) > 1/2. Then, 

— < A < -. 

4€ - - i 

The above theorem is motivated by |16) , where the author considers the spectral 
gap of birth and death chains on Z. We refer the reader to 1& and the references 
therein for more information. Note that if t, i are the constants in Theorem ll.mi.2[ 
then t > i. Based on the results in [TJ], we obtain a theorem regarding cutoffs for 
birth and death chains. 

Theorem 1.3. Consider a family of irreducible birth and death chains 

T={{nn,Kn,TTn)\n^l,2,...}, 

where r2„ — {0,1, ...,n} and Kn has birth, death and holding rates, Pn.iiQn.iifn.i- 
For n > 1, let in G {0,...,n} be a state satisfying 7r„([0,z„]) > 1/2 and 7r„([i„ + 
1; 'T']) i^ 1/2 and set 

, r^ 7r„([0,fc]) ^ 7r„([fc,n])l 
r„ — max < > — — , > — — > . 

and 

J 'v^^ 7r„([0,j]) ^ 7r„([j>]) 

In — max < max > — j— , max > — --— 

\r-J<i-n ^ 'n-n{k)Pn,k r-j>i^ ^^^^nn[k)qn,k 

Then, for any e G (0, 1/2) and S G (0, 1), there is a constant C = C(e, S) > 1 such 
that 

C-h,, < min{Ti^iv(e),ri'iv(e)} < ma^{Ti%^{e),Ti%^{e)} < Ct„, 
for n large enough. Moreover, the following are equivalent. 

(1) J^c has a total variation cutoff. 

(2) For S (z (0, 1), J-s has a total variation cutoff. 

(3) tn£n -^ OO. 

The above theorem is immediate from Theorems II. 1[ II. 2[ 12.21 and 12.31 The 
selection of i„ can be relaxed. See Theorem 13.61 for a precise statement. By the 
results in [5^, Theorem 11.31 also holds when t„ is replaced by the following constant 

1 1 



where A„.i, ..., Xn,n are nonzero eigenvalues of / — Kn- Furthermore, Theorem 11.31 
also holds in separation with S G [1/2, 1). We will use Theorem 11.31 to study the 
cutoff of several examples including the following theorem which concerns random 
walks with bottlenecks. It is a special case of Theorem 14.81 
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Theorem 1.4. For n > 1, let 51„ = {0, 1, ..., n], 7r„ = \/{n + 1) and Kn he an 
irreducible birth and death chain on $!„ satisfying 

[e™ jori = Xnj, 1 < J < fc„ 

where < fc„ < n, e„ G (0,1/2], x„^i, ..., x„^fc„ € 51„ are distinct and the holding 
rate at i is adjusted accordingly. Set tn = n'^ + a„/e„, where 

a„ = ^ mm{xn,i,n + 1 - a;„,i}, 

and set 

6„ =: max {(j + 1) X |{1 < i < k„ : j < Xn,i <n~ j}\}. 

j:j<n/2 

Then, for any e € (0, 1/2) and (5 G (0, 1), there is C — C(e, 5) > 1 such that 
C~Hn < uim{Ti%^{e),Ti%^ie)} < ma^{Ti%^{e),Ti%ie)} < Ctn, 

for n large enough. 

Moreover, the following are equivalent. 

(1) J^c has a total variation cutoff. 

(2) For S G (0, 1), Ts has a total variation cutoff. 

(3) a„/(n^e„) — > oo and a„/6„ -> oo. 

The remaining of this article is organized as fonows. In Section 2, the concepts 
of cutoffs and mixing times and fundamental results are reviewed. In Section 3, 
we give a proof for Theorems 11.11 and 11.21 For illustration, we consider several 
nontrivial examples in Section 4, where the mixing time and cutoff are determined. 
Note that the assumption regarding birth and death rates in Sections 3 and 4 can 
be relaxed using the comparison technique in |11[ 112) . 

2. Backgrounds 

Throughout this paper, for any two sequences Sn,tn of positive numbers, we 
write Sn = 0{tn) if there are C > 0, A^ > such that |s„| < C|i„| for n > N. If 
Sn = 0{tn) and i„ — 0{sn), we write s„ x t„. If tn/ Sn — > 1 as n — > oo, we write 

2.1. Cutoffs and mixing time. Consider the following definitions. 

Definition 2.1. Referring to the notation in (|1.2p . a family F = {{fin, Kn, vr„)|n = 
1,2,...} is said to present a total variation 

(1) precutoff if there is a sequence t„ and B > A > Q such that 

lim dn^TvilBtn]) = 0, liminf d„,Tv(L^inJ) > 0. 

(2) cutoff if there is a sequence i„ such that, for all e > 0, 

lim dn,Tv(r(l + e)tnT) = 0, lim d„.Tv(L(l " e)^nj) ^ 1- 

n— ^cxD n— >oo 

In definition 12.1^ 2^). tn is called a cutoff time. The definition of a cutoff for 
continuous semigroups is similar with [•] and [-J deleted. 
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Remark 2.1. In Definition 12.11 if in — > oo (or equivalently r„.Tv(e) — ^ oo for some 
e G (0, 1)), then the cutoff is consistent with ()1.4|) . This is also true for cutoffs 
in continuous semigroups without the assumption t„ — >■ oo . See [5J [S] for further 
discussions on cutoffs. 

It is weU-known that the mixing time can be bounded below by the reciprocal 
of the spectral gap up to a multiple constant. We cite the bound in [6] as follows. 

Lemma 2.1. Let K be an irreducible transition matrix on a finite set fi with 
stationary distribution tt. For 6 € (0,1), let Kg be the 5-lazy walk given by (jl.ip . 
Suppose {tt,K) is reversible, that is, Tr{x)K(x,y) = '!r{y)K{y,x) for all x,y ^ Q, 
and let X be the smallest non-zero eigenvalue of I — K . Then, for e € (0, 1/2), 



4%)>^^, 4%)> 



-log(2e) 



_2max{l-(5,log(2/^)}A 
where the second inequality requires \Q\ > 2/S. 

2.2. CutofTs for birth and death chains. Consider a family of irreducible birth 
and death chains 

T={{nn,K„,Trn)\n=l,2,...}, 

where Qn — {0, 1, ..., n} and Kn has birth rate Pn,i, death rate qn.i and holding rate 
r„_i. We write J-c,J-s as families of the corresponding continuous time chains and 
(5-lazy discrete time chains in T. A criterion on total variation cutoffs for families 
of birth and death chains was introduced in [IS], which say that, for 5 E (0, 1), 
J-c, J^s have total variation cutoffs if and only if the product of the mixing time and 
the spectral gap tends to infinity. As the total variation distance is comparable 
with the separation distance, the authors of |15| identify cutoffs in total variation 
and separation, where a criterion on separation cutoffs was proposed in [13] . In the 
recent work ^ , the cutoffs for Tc and J^s are proved to be equivalent and this leads 
to the following theorems. 

Theorem 2.2. [B] Section 4] Let T = {(f7„, ii'„,7r„)|n = 1,2,...} be a family of 
irreducible birth and death chain with fin = {0, 1, ..., n}. For n > I, let Xn,i, ■■■, A„.„ 
be nonzero eigenvalues of L — Kn and set 

Xn = min Xn,i, s„ = 1 h . 

l<^<n An,l '\n,n 

Then, the following are equivalent. 

(1) J^c has a total variation cutoff. 

(2) J^s has a total variation cutoff. 

(3) Tc has a total variation precutoff. 

(4) J^s has a total variation precutoff. 

(5) Tn%y{e)Xn — > oo for some e G (0, 1). 

(6) T„ .{,v(e)A„ — > oo for some e G (0, 1). 

(7) SnXn -> OO. 

Theorem 2.3. [6, Section 4] Referring to Theorem \2.2[ it holds true that, for 
e,riE (0,1/2) andSc (0,1), 



(2.1) 
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Further, if there is eg G (0, 1/2) such that T^%y{eo)Xn or r„ rpy(eo)A„ is bounded, 
then, for any e G (0, 1/2) and S G (0, 1), 

2.3. A remark on the precutoff. Note that if there is no cutoff in total variation, 
the approximation in Theorem 12.31 may fail for e G (1/2, 1). This means that, for 

< e < 1/2 < 77 < 1, the orders of T^^^-vC^) ^^'^ ^n^Tv('7) "^^.n be different. Consider 
the following example. For n > 3, let fi„ = {0, 1, ...,n}, M„ — [n/2\ and 

' Kn{i, i + l) = Kri{i + l,i) = 1/2 ior < i < n, i ^ M„ 

if„(M„, M„ + 1) = K„{Mn + 1, Mn) = e„ 

X„(0,0) = i^„(n,n) = l/2 
ti^„(M„, M„) = i^„(A/„ + 1, Af„ + 1) - 1/2 - e„ 

with e„ < 1/2. Assume that e„ = o(n^-^). By Theorem ll.41 we have 

Ti%y{e) X Ti%y{e) x n/e„, Ve G (0, 1/2), 6 G (0, 1). 

Next, we consider the 5-lazy discrete time case with S — 1/2. Let Kn^i/2 = 
{I + Kn)/2 and K!^ be the 1/2-lazy simple random walk on {0, 1, ..., M„}, that is, 

'K{i,i + 1) = K'„{i + 1, i) = 1/4, VO < i < M„ 
K'^{i,i)^ 1/2, VO<i<Af„ 
^ir;(0,0) = i^;(M„,M„)=3/4 
For n > 3, set 



0<.j<M„ (ii:;)™'»(l,j)' 0<»j<M„ (i^;)™"(i,j)' 

Proposition 2.4. If rUn ^ r? , then 

Cn — >■ 1, C„ — )■ 1, as n ~^ 00. 
Proof. For ^ > 1, let («o,ii, •••,if) be a path in {0, 1, ..., A'f„}. Note that 

nj^„^v2fa-i.^fe)>( ^^V/I"^0 'A^"fa-^'^'--)- 

This implies c„ > (1 — 2e„/3)™" ^ 1 as n — > od. To see an upper bound of C„, one 
may use Lemma 4.4 in [IS] to conclude that, for < i < n and i >Q, 

and, for < i < M„ and £ > 0, 

f(if;)^(*,j)>(if;)^(z,j-l) Vl<j<z 

\(i^;)^(*,j) > {KY{2,j + 1) V* < J < Af„ ■ 

By the induction, the above observation implies that, for any probabilities /x, v on 
{0, ..., n}, {0, ..., M„} satisfying ^(i) = i^{i) for < « < M„, 

M<,i/20) < '^(O'O): VO < J < A'/„, ^ > 0. 
This yields C„ < 1 for all n > 3. D 
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For e e (0, 1), let T/j ^^(e) be the total variation mixing time for K'^^. It is well- 
known that, for e € (0,1), r^.Tv(^) ^ '^^- Let rf„,Tv,<i^Tv be the total variation 
distance for K^ 1/2, K'^. As a consequence of the above discussion, we obtain, for 

ee(0,i), 



j(l/2)/ 



limsupd^^^v'l^^^Tvle)) < 7^ 

n(l/2) 



1 + limsupd' Tv(T'' Tv(e) ) < 



Thus, for e e (1/2, 1), T,^, ^^v (e) = 0(^2). Note that, for m„ = o(n2). 



lim V K'!'':,^{0,i) 



n— >-oo -"^^ — ^ 
i<an 



n,l/2V 



1, Va > 0. 



.(1/2) 



This yields n — 0{T^ tv (f)) f^'" e > 0. The above discussion is also valid for the 
continuous time case and any (5-lazy discrete time case. We summarizes the results 
in the following theorem. 

Theorem 2.5. Let J- ~ {{^n, Kn, ''^7i)\n ~ 1, 2, ...} he the family of birth and death 
chains in (j2.ip and 5 G (0, 1). Suppose that e„ = o(n^^). Then, there is no total 
variation cutoff for Tc and Tg- Furthermore, for e G (0, 1/2), 



T 



(c) 



(e) - T,[%{e) X r7./e„. 



and, for e G (1/2, 1), 



T 



(c) 



ie) >^ ri'iv(^) 



Remark 2.2. Figure [T] displays the total variaton distances of the birth and death 
chains on {1, 2, ..., 100} with transition matrices Ki and K2 given by 



K 


-i(*,z) = l/2. 


fori ^{1,50,51,100} 


Ki{i,i + 1) ^ Ki{i + l,i) = 1/4, 


for i < 50 or i > 51 


Ki{i,i)^3/A 


for fcG {1,100} 


Ki{i,i + 1) ^ Ki{i + l,i) = 10-^ 


for fc = 50 


Ki{i,i) ^ Ki{i,i) ^ 3/4- IQ-^ 


for iG {50, 51} 


K^{i,j)^0 


otherwise 




' K2ii,i + l) = K2{i + l,i) = W 


-2 for i ^ 25 


< 


K2{i,i)^3/4-10-^ 


for i G {25, 26} . 




K2{i,j) ^Ki{i,j) 


otherwise 



and 



Note that each curve has only one sharp transition for dTvit) < 1/2. This is 
consistent with Theorem II. 31 These examples show that multiple sharp transitions 
may occur for dTv(i) > 1/2. Note also that the flat part of the curves occupy very 
large time regions. For instance, the left most curve stays near the value 1/2 for t 
between 10^ and lO*'. 



3. Bounds for mixing time and spectral gap 

This section is dedicated to proving Theorems 11.11 and 11.21 In the first two 
subsections, we treat respectively the upper and lower bounds of the total variation 
mixing time. This leads to Theorem ll.il In the third subsection, we provide a 
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20 35 30 35 40 45 




5 10 15 20 25 30 35 



Figure 1. The curves display the total variation distance of the 
chains in Remark I2.2[ where the left most curve is for Ki and 
the right most curve is for K2. The curve consists of the points 
(TO,dTv(100Loi^™J)) with TO = 1,2,..., 50. The right most point 
of each curve corresponds to dTv{t) with t — 10^°. 



relaxation of the choice of i„ in Theorem 11.31 In the last subsection, we introduce 
a bound on the spectral gap which includes Theorem 11.21 



3.1. An upper bound of the mixing time. Let {n,K,TT) be an irreducible 
birth and death chain, where fl = {0, 1, ..., n} and K has birth rate pi, death 
rate qi and holding rate r^. Let {Xm)m=o be a realization of the discrete time 
chain. Obviously, if Nt is a Poisson process with parameter 1 and independent 
of {Xm)m=o-: then (XjVj)t>o is a realization of the continuous time chain. For 
5 G [0, 1), if (Bm )m=i is a sequence of independent BernouUi(l — 6) trials which 
are independent of {X„i)^^q, then Ym = X^is) ^(s) is a realization of the 
(5-lazy chain. For < i < n, we define the first passage time to i by 

(3.1) Ti := inf{t > 0\Xn^ = i}, t^^^ := min{m > 0\Y„, = i}, 

and simply put r^ := r| ' — min{77i > 0|X,„ — i}- Briefly, we write IPi(-) for 
P(-|Xo = i) and write E.^, Var^ as the expectation and variance under P^. The main 
result of this subsection is as follows. 

Theorem 3.1 (Upper bound). Let {Q, K, n) be an irreducible birth and death chain 
with 51 = {0, 1, ...,n}. Let Ti — t^ be the first passage time to i defined in (|3.ip . 
Foree (0,1) and S e [1/2,1), 



max{4t^(e),(l-<5)4t^(e)} 



< 



where io G {0, ...,n} satisfies 7r([0,io — 1]) < 1/2 and 7r([io + 1, n]) < 1/2. 

Remark 3.1. The authors of 6J obtain a slightly improved upper bound similar to 
(|3.2|) . which says that 



(V^+Vl-e)(Eorio+E„T,J 



m^x{Ti%),{l~S)Ti'^{e)}< 



Comparing with (13. 2p . the above inequality has an improved dependence on e. 
To understand the right side of p. 21) . we introduce the following lemma. 
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Lemma 3.2. Referring to the setting in p.ip . it holds true that, for i < j, 

E,(rf' ) = E,(r,)/(1 - 5) and E,(t,) = E,(f,) = ^^^ 7r([0, fc])/(pfc7r(fc)). 

Proof. The proof is based on the strong Markov property. See [5] Proposition 2] 
for a reference on the discrete time case, whereas the continuous time case is an 
immediate result of the fact {-Fi > i} = {ti > Nt}. D 



Remark 3.2. By Theorem 13.11 and Lemma 13.21 the total variation mixing time for 
the continuous time and the (S-lazy, with S > 1/2, discrete time birth and death 
chain on {0,1, ...,n} are bounded above by the following term up to a multiple 
constant. 

where i^ G {0, ...,n} satisfies 7r([0,io — 1]) < 1/2 and 7r([io + l,n]) < 1/2. 

Remark 3.3. In Theorem 13.11 iq is unique if 7r([0,z]) ^ 1/2 for all < i < n. If 
^([0, j]) = 1/2, then iq can be j or j + 1, but the right side of p.2p is the same in 
either case using Lemma [321 

Remark 3.4. Let K be an irreducible birth and death chain with birth, death and 
holding rates Pi,qi,ri and stationary distribution tt. Let A be the spectral gap of 
K . As a consequence of Lemma [^?T] and theorem 13. 11 we obtain, for e S (0, 1/2), 

6Mog(l/(2e)) /'^'^([0,fc]) , " ^([fc,r^])V' 



A> 



.t, p^'^(^) fcir+i ^''^^^ 



^.Tj < ... ,. - 1 E„r,. 



where io is such that 7r([0, io — 1]) < 1/2 and 7r([io + 1, n]) < 1/2. The maximum of 
e^ log(l/(2e)) on (0, 1/2) is attained at e = 1/(2-^6) and equal to l/(8e). A similar 
lower bound of the spectral gap is also derived in [7 with improved constant. 

As a simple application of Lemma 13.21 we have 

Corollary 3.3. Referring to Lemma lST^ for i < j, 

1 

,71'([j>]) 

Proof By Lemma [321 one has 

_ v^ Tr{[0,k]) N _ Y^ 7r([fc + l,n]) _ '^ 7r([fc + l,n]) 

""'^^ - f- p.nik) ' "^"^^'^ - f- q,+^7rik + 1) " f- Pfe7r(fc) ' 

k—i k—x k—i 

The inequality is then given by the fact 7r([0, fc])/7r([fc + l,n]) = l/7r([fc + l,ri]) — 1 < 
l/7r([j, n]) - 1 for fc < j. D 

The following proposition is the main technique used to prove Theorem 13. 11 

Proposition 3.4. Referring to the setting in (j3.ip . it holds true that, for j < k, 

d'i^l{i,t) < P,(max{f,,?fe} > i) + 1 - TT{[j,k]), 

and 

4V'^(*,i) < P.(max{r]^/2',rf.^/2)} > t) + 1 - ^([j,fc]). 
In particular, 

4^)(i)<?^^^±^^ + i-.(b-fc]) 
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and 

4V')(i) < A^i _^L^ L + 1 _ ^([j,fc]). 

In the above proposition, the discrete time case is discussed in Lemma 2.3 in 
[15| . Our method to prove this proposition is to construct a no-crossing couphng. 
We give the proof of the continuous time case for completeness and refer to [TS] 
for the discrete time case, where a heuristic idea on the construction of no-crossing 
couphng is proposed. 

Proof of Proposition \3.4\ Let {Yt)t>a be another process corresponding to Ht with 
Yo = n. Set T := inf{t > 0\Xt - Yt} and Zt := Ytl^t<T} + ^tl{t>T}- Clearly, 
(Xt, Zt)t>o is a coupling for the semigroup Ht and must be no-crossing according 
to the continuous time setting. Note that T = mi{t > 0\Xt = Zt} is the coupling 
time of Xt and Zt . The classical coupling statement implies that 

(3.3) d[^lii,t)<F,{T>t). 

See e.g. [T] for a reference. Note that Xr^ = j, Xr^ = k and 

P.(^?, <>?,)= ^(b>]), P,(Xp, > IVJ = 7r([0, k]). 

As Xt, Yt can not cross each other without coalescing in advance, this implies 

P,(T < max{fj,ffc}) > P,(min{fj,ffe} <T < niax{fj,?fc}) 

> P.(X?, < Y^^,X^, > IVJ > 7r([j, fc]). 

Putting this back to p.3p gives the desired result. 

For the last part, note that if z < j, then tj < Tk and, by Markov's inequality, 
this implies 

P,{ma.x{Tj,Tk} >t)< Po(ffc > t) < EoTk/t. 
Similarly, for i > k, one can show that 

P,(max{fj,ffc} >t)< P„(fj > t) < E„fj/i. 
For j < i < k, we have 

„ , r~ ~ 1 X ™ /~ s ™ /~ X E„Tt + EnTfc 

P,(max{Tj, Tfe} >t)< P,(tj > t) + P,(Tfe > i) < ' ^ ■ 

D 

Proof of Theorem \8.1\ Set j^ = min{z > 0|7r([0,«]) > e/3} and fc^ = min{z > 
0|7r([0,i]) > 1 — e/3}. By Proposition 13.41 and Lemma [3T2l the choice of j — j^ and 
k ~ ke implies that 






By CoroUarv l3.31 one has 



EoTfc^ = EoT.o + Ei„rfc, < Eqt.o + f - - 1 j E„ri„ 

and 

E„rj^ = E„Tio -f EioTj, < E„ri(, + f 1 j EoTi^ . 

Adding up both terms gives the upper bound in continuous time case. The proof 
for the (l/2)-lazy discrete time case is similar and, by Proposition 13.41 we obtain 
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4v''(e) < 18(Eor,o + E„T,J/e2. For ,5 G (1/2,1), note that Kg - (i^25-i)i/2. 
Since the birth and death rates of K2S-1 are 2(1 — S)pi and 2(1 — 6)qi, the above 
resuh and Lemma [O lead to T^^ie) < 9{EoTi„ + E„riJ/((l - S)e^). D 

3.2. A lower bound of the mixing time. The goal of this subsection is to estab- 
Hsh a lower bound on the total variation mixing time for birth and death chains. 
Recall the notations in the previous subsection. Let {Xm)m=o ^^ ^^ irreducible 
birth and death chain with transition matrix K and stationary distribution tt. Let 
Nt be a Poisson process of parameter 1 that is independent of Xm- For < i < ri, 
let Ti = min{TO > 0\X„i = i} and Ti = inf{i > OjXjVt = «}■ Then, the total 
variation mixing time satisfies 

(3.4) dTv(0,i) > K\0,[0,i - 1]) ^ n{[0,i - 1]) >¥o{n > t) - Tr{[0,i - 1]) 
and 

(3.5) 4v(0, t) > HtiO: [0, i-l])- vr([0, i - 1]) > Po(r, > t) - 7r([0, i - 1]). 

Brown and Shao discuss the distribution of Ti in [3 , of which proof also works for 
the discrete time case. In detail, if — 1 < /3i < • • • < /3i < 1 are the eigenvalues of 
the submatrix of K indexed by{0, ...,i — 1} and Aj = 1 — /3j, then 

(3.6) Po(r. > i) = E I n T^ 1 (1 - ^^y 
and 

(3.7) Po(T.>t)-E(n 






e-tA. 



Note that, under Pq, Ti is the sum of independent exponential random variables 
with parameters Ai, ..., A^. If /3i > 0, then t is the sum of independent geometric 
random variables with parameters Ai, ..., A^. In discrete time case, the requirement 
/3i > holds automatically for the (5- lazy chain with (5 > 1/2. The above formula 
leads to the following theorem. 

Theorem 3.5 (Lower bound). Let K be the transition matrix of an irreducible 
birth and death chain on {0, 1, ...,n}. Let Ti — r^ be the first passage time to i 
defined in ^^. For S e [1/2, 1), 



i{r(^v'(l/10),2(l-<5)4t)(l/20)} 



> 



max{Eorio,E„rjo} 



6 

where {q G {0, ..., n} satisfies 7r([0, io — 1]) < 1/2 and 7r([io + 1, n\) < 1/2. 

Proof of Theorem \3.5\ First, we consider the continuous time case. Let Ai,...,Ai 
be eigenvalues of the submatrix oi I ~ K indexed by 0, ..., i — 1 and t^^i, ..., Ti^i be 
independent exponential random variables with parameters Ai, ..., A^. By (13. 7p . Ti 
and Ti.i + • • • + Ti^i are identically distributed under Pq and, by ()3.5p . this implies 

4v(0, t) > P(?,a + • • • + n,, >t)- 7r([0, i ~ 1]). 
It is easy to see that 

EoTi = — H h --, Varo(ri) ^ ^n^ h t^ • 

\\ Ai A]^ Aj 
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Let a e (0,1) and consider the following two cases. If 1/Xj > aEoTi for some 
1 < j < i, then 

Mn >t)> P(?ij > i) > e-'/f""^"^'). 

If l/Aj < aKQTi for all 1 < j < i, then Varo(Ti) < a(EoTi)^ and, by the one-sided 
Chebyshev inequality, we have 

{t-Eonr . it- Eon? (1 - br 

roin >t)> 77— t^ttt: — i^^Ti ^ 



Varo(?.) + (i - Eof.)' " a(Eon)^ + {t - Eq^)' a + (1 - 6)^ ' 

for t = bEoTi with 6 e (0,1). Combining both cases and setting i = ig in (13. 5p 
yields that, for a, & G (0, 1), 

(3.8) 4t(0,6EoT,J > min|e-''/°, ^|^^~^^'^^J - i. 

Putting a == 1/3 and b = 1/6 gives T^v^(0, 1/10) > Eonje. 

For the discrete time case, note that the eigenvalues of the submatrix of / — 
Ki/2 = ^{I ~ K) indexed by 0,...,i— 1 are Ai/2, ..., Ai/2. Let n^i, ...,Ti,i be 
independent geometric random variables with success probabilities Ai/2, ..., Ai/2. 
Replacing K with K1/2 in p. 41) . we obtain 



7(1/2) 



(0, t) > Po(r,,i + • • • + T,,, > t) - ^([0, ^ - 1]). 



Note that, under Pq, t| ' ' has the same distribution as r^ 1 + • • • + Tj^ and this 
implies 

F ^(1/2) _ 2 2 /^(i/2)n _ Y" 4(1 - Aj/2) '^ 4 



Using the same analysis as before, one may derive, for I/Eqt^ ' ' < a < 1 and 

t-E„rp))' 



t < Eorf /^) 



«IEorFV ' a fEorp)y + ft -Eor(^/^)'' 



^o(rf/^^ >f) >min<' I 1 



By Lemma [321 Eorf^^' > 2i. Obviously, if io = 0, then T^v^^^(0, 1/20) > = 
EoT^y^K For io > 1, Eot,^^^' > 2 and the setting, a = 2/3 and t = Eor^^^^VlS I , 
implies 



i,TU0, EorpVl2 l>min (2-1/3^ (ilZH)!_\ 

^^ V'L"*" ' Jy- \ '2/3 + (11/12)2 J 



(11/12)2 \ _ 1 1 

2 20' 



where the first inequality use the fact that s log(l — 3/ (2s)) is increasing on [2, cx)). 
Hence, we have r^y^^(0, 1/20) > Eot^^^^Vi2 = TEot,J6. For S > 1/2, the com- 
bination of the above result and the observation Kg = {K2S-i)i/2 implies that 
4t^(0,l/20)>EoT,„/(12(l-<5)). 

The analysis from the other end point gives the other lower bound. This finishes 
the proof. D 
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3.3. RelsLxation of the median condition. In some cases, it is not easy to 
determine the value of in in Theorem 11.31 Let tn be the constants in Theorem 13. II 
For c e (0,1), let i„(c) S {0, ...,n} be the state such that 7r„([0, i„(c) — 1]) < c, 
7rn([in(c) + l,n]) < 1 — c and let i„(c) be the following constant 

t (c) = '"V ^"([^'^]) + Y" TTn{[k,n]) 

Assume that c > 1/2. In this case, if z„ is the smallest median, then i„ < i„(c) and 
^"■^"^ 7r([0,fc]) ^^^ 7r„([0,fc-l]) 

fc^ 7r«(fc)Pn,fc fe^^j^i Trn{k)qn,k 

Note that, for in < k < i„(c), 

- < 7r„([0,i„J) < -jl r^ - — n- i \ — n - 



2 ' 7r„([fc,r7,]) 7r„([i„(c),n]) 1- 



c 



This implies in/2 < in(c) < tn/(l — c). Similarly, for c < 1/2, one can show that 
in/2 < in(c) < in/c. Combining both cases gives 

(3.9) t„/2 < in(c) < in/ min{c, 1 - c}. 

As a consequence of the above discussion, we obtain the following theorem. 

Theorem 3.6. Referring to Theorem ] 1.3[ For n > 1, let jn E {0, 1, ..., n} and set 

t' = max < V ^"([^'^]) V ^"([^'"]^ 

" I f^ ^n{k)pn,k\^,^ Trn{k)qn,k 

Suppose that 

< liminf 7r„([0, j„]) < limsup7r„([0, j„]) < 1. 

71 ^oo n — ^oo 

Then, Theorem \1.S\ remains true if tn is replaced by i^ . 

Proof. The proof comes immediately from p.9p with c = vr„([0, jn])- O 

We use this observation to bound the cutoff time in the following theorem. 



Theorem 3.7. Referring to Theorem \1.3[ Suppose that Tc has a total variation 
cutoff. Then, for any e G (0, 1), 

21og2^,. ._lSxM^r T^S^v^^o 
< lim mi — ■ < iim sup — ■ < 2 

n— ^oo in n— ^oo f-n 

Proof of Theorem \3.7\ The upper bound is given by Remark 13.11 and the fact, 
max{s,i} > (s + i)/2, whereas the lower bound is obtained by applying a = 2/5 
and b^a log(2/(l + 2e)) in dSH) with e ^ 0. D 
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3.4. Bounding the spectral gap. This subsection is devoted to poviding bounds 
on the specral gap for birth and death chains. As the graph associated with a birth 
and death chain is a path, weighted Hardy's inequahty can be used to bound the 
spectral gap. We refer to the Appendix for a detailed discussion of the following 
results. See Theorems I A. HET3l 

Theorem 3.8. Consider an irreducible birth and death chain on {0, ...,n} with 
birth, death and holding rates Pi,qi,ri and stationary distribution n. Let A be the 
spectral gap and set, for < i < n, 

C[ij — max < max > — — - — , max > — - 



k—i k—2+1 ^ ' 



Then, for < m < n, 
1 



< A< 



4C(rn) min{7r([0, m]), T:{[m, n\)}C{m) 

In particular, if M is a median of t: , that is, 7r([0,M]) > 1/2 and 7r([A/, n]) > 1/2, 
then 

< A < 



4C(Af ) - - C{M) ■ 

Theorem 3.9. Consider an irreducible birth and death chain on {0, ...,n} with 
birth, death and holding rates pi,qi,ri and stationary distribution n. Let A be the 
spectral gap and set N — \n/2~\ . Suppose that pi — Qn-i for < i < n. Then, 



whe 



and 



f ^"^ 1 

C — max < 7r(f0,il) > ^-^ — 

0<^<N-l I ^^ J^ ^ nij)p, 



if n is even, 



n is odd. 



C = max \ 7r(fO, i]) \ V ^-^ + „ ,,, \, > if 

o<j<Af-i I I ^ '^{i)P] 2n{N-l)pN-i I 

Remark 3.5. In |18| . the author also obtained bounds similar to Theorem 13.91 for 
the case 7r(z) > irii + 1) with < i < n/2 using the path technique. For more 
information on path techniques, see [U [T^ [Tl] and the references therein. 



4. Examples 

In this section, we will apply the theory developed in the previous section to 
examples of special interest. First, we give a criterion on the cutoff using the birth 
and death rates. 

Theorem 4.1 (Cutoffs from birth and death rates). Let T = {(rj„, iir„,7r„)|n = 
1, 2, ...} be a family of irreducible birth and death chains on fin = {0, 1, ..., n} with 
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birth rate, Pn,i, death rate qn,i and holding rate rn,i- Let A„ he the spectral gap of 
Kn- For n> \, let jn G {0, ..., n} and set 

/sr^ 7r„([0,fc]) .^ 7r„([fc,n] 
In = max 






£„ = max< max > — — , max > — -— 

y k—J K—Jn-\-L 

Suppose that 

< liminf 7r„([0,j„]) < limsup7r„([0, j„]) < 1. 

n—¥oo n— >-oo 

Then, for e e (0, 1/2) and 6 G (0, 1), 

Furthermore, the following are equivalent. 

(1) J-"c /las a cutoff in total variation. 

(2) For S e (0, 1), J^s has a cutoff in total variation. 

(3) J-"c /las precutoff in total variation. 

(4) For 5 (H (0,1), J-"i5 /las a precutoff in total variation. 

(5) tn/(-n -J- OO. 



The above theorem is obvious from Theorems 12. 2[ 13.61 and 13.81 We use two 
classical examples, simple random walks and Ehrenfest chains, to illustrate how to 
apply Theorem 14. ll to determine the total variation cutoff and mixing times. 

Example 4.1 (Simple random walks on finite paths). For n > 1, the simple random 
walk on {0, ..., n] is a birth and death chain with pn^i — qn,i+i = 1/2 for < i < n 
and rnfl — r„.n — 1/2. It is clear that Kn is irreducible and aperiodic with uniform 
stationary distribution. Let t„,£n be the constants in Theorem 14.11 It is an easy 
exercise to show that £„ x n^ x t„. By Theorem 14. 11 neither J^c nor Ts has total 

variation precutoff, but T„^Tv(f) ^n^ ^ '?"n,Tv(e) for ^ ^ (0) 1/2) and 5 S (0, 1). In 
fact, one may use a hitting time statement to prove that the mixing time has order 
at least n^, when e e [1/2, 1). This implies that the above approximation of mixing 
time holds for e e (0, 1). 

Example 4.2 (Ehrenfest chains). Consider the Ehrenfest chain on {0, ...,n}, which 
is a birth and death chain with rates Pn,i = 1 — i/n and qn,i = i/n. It is obvious 
that Kn is irreducible and periodic with stationary distribution 7r„(i) = 2~"("). 
An application of the representation theory shows that, for < i < '^j 2i/n is an 
eigenvalue oi I—Kn- Let A„, s„ be the constants in Theorem l2.2l Clearly, A„ — 2/n 
and Sn ^ n log n and, by Theorem l2.2[ both Tc and Ts have a total variation cutoff. 
Note that, as a simple corollary, one obtains the non-trivial estimates 



E ^'^ 'n[^'' ^nlogn, max Vrjx V 

For a detailed computation on the total variation and the i^-distance, see e.g. [H]- 
In the next subsections, we consider birth and death chains of special types. 



16 G.-Y. CHEN AND L. SALOFF-COSTE 

4.1. Chains with valley stationary distributions. In this subsection, we con- 
sider birth and death chains with vahey stationary distribution. For n > 1, let 
^n = {0, 1, ..., n\ and Kn be an irreducible birth and death chain on r2„ with birth, 
death and holding rates, Pn,i, Qn.i, Tn.i- Suppose that there is j„ € fin such that 

(4.1) Pn,i <q7i.i+l,yi < jn, Pn.i>qn.i+l,yi> in- 

Obviously, the stationary distribution 7r„ oi K.^ satisfies 7r„(i) > 7r„(i + l) for i < j„ 
and 7r„(i) < 7r„(i + 1) for i > j„. 

Let tn,in be the constants in Theorem 14.11 and write 

„ I v^ 7r„([0,j]) 4-^ 7r„([j,ri]) 
In = max < max > — — , max > — -— 

Set 

Mi^ = max g„^,j, tol = min q^.i-, Mr = max p„^i, mR = min p„ 

0<i<jn 0<i<.jn jn^i<7^ jn^i^^ 



Clearly, 



, I 7r„([0, j„]) Y^ 1 7r„([j„,n]) ^ 1 
< max < > — -— , } 



"T-L r^71'n(*)' "^fl -^ 7r„(i) 



Let J-; be such that 7r„([0, j^]) > 7r„([0, j„])/2 and 7r„ ( [j^ , j„] ) > 7r„([0, j„])/2. Note 
that if j„ > 1, then j„ > max{2j^, j^ + !}■ By (|4.ip . this implies 

Y^ ^«([0,i^]) ^ 7r„([0,j„]) y^ 1 ^ 7r„([0,j„]) y^ 1 
^ 7r„(fc) - 4 ^ 7r„(fc) - 8 ^7r„(fc)' 

One can derive a similar inequality from the other end point and this yields 



^1 . J 7r„([0,j„]) -^ 1 7r„([j„,n]) 
> — mm 



Ml ^7r„(i)' Mr .^ 7r„(i) 



For i„, note that 



>.-l , j,i-l /r„ ,n Jn-l 






and 



— :?n + l k—Jn+1 K— Jn + 1 



This implies 



, ^ , 7r„([0,j„]) ^ 1 7r„([j„,n]) 

i„ < max 



y^ 1 7r„([j„,nj) ^ 1 
m-L ^7r„(i)' TTiR .^— ' 7r„(i) 



and 

tn > — max 



1 _„.. J '^ niJOJn]) y^ 1 7r«([j»,n]) ^A 1 
Ml ^7r„(z)' Mfl ^ 7r„(z) 



The following theorem is an immediate consequence of the above discussion and 
Theorem 14.11 
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Theorem 4.2. Let T = {{iln,Kn,TTn)\n — 1,2, ...} be a family of birth and death 
chains satisfying (14. 1|) . Assume that 7r„([0,j„]) >; T^ni[jn,n\) and 



max qn.i 

0<i<j„ 



mm qn.i, 
a<i<j„ 



max pn,'i, 

jn ^i<n 



mm pn.i- 

jn <i<7l 



Then, there is no cutoff for T^Ti and, for e G (0, 1/2) and S G (0, 1), 



''-n.TYy'^) 



T 



(-5) 



A,] 



max ■ 



,f-_L,_Ly-_L 

2 — "^ *— Jti 



For an illustration of the above theorem, we consider the following Markov chains. 
For n > 1, let 51„ — {0, 1, ...,n}, 7r„ be a non- uniform probability distribution on 
r2„ satisfying ()4.ip and M„ be a transition matrix given by 



(4.2) 



Mnihj) 



= < 



1/2 

1/2 

7r„(i + l)/(27r„(i)) 

^„(^-l)/(27r„(^)) 



for j = i-l,i < j„, 
for j = i + l,i > j„, 
for j = i + l,i < jn, 
for j = i- l,i > jn, 



1/2 - 7r„(i + l)/(27r„(i)) for j = i< jn, 
^1/2 - 7r„(j - l)/(27r„(i)) for j ^i > jn- 

Note that Af„ is the Metropolis chain for 7r„ associated to the simple random walk 
on fin. For more information on the Metropolis chain, see _8 and the references 
therein. The next theorem is a corollary of Theorem 14.21 

Theorem 4.3. Let F = {(il„,M„,7r„)|n = 1,2,..} be the family of Metropolis 
chains satisfying ()4.ip - ()4.2p . Suppose 7r„([0,j„]) x 7r„ ( [j„ , ft] ) • Then, neither J^c 
nor J-g has a total variation precutoff but, for e G (0, 1/2) and 5 G (0, 1), 

\ 1 



T 



[c) 



-(^) 



■^-^ 7r„(i) 



AS) 

'-n,TV 



(£)• 



Example 4.3. Let a > and TTn,a,T^n,a be probability measures on {0,±1, ...,±n} 
given by 

(4.3) 7f„,a(i)=c„,a(N + l)'', ^„,a(^) = c„,a(r^-|i| + l)^ 

where c„^a,Cn,a are normalizing constants. Let J^, J^ be families of the Metropolis 
chains for 7r„ q, 7r„ ^ associated to the simple random walks on {0, ±1, ..., ±ti}, that 
is, _ 

Mn,a{i,j) = Af„,a(-«,-j), Mn,a{i,j) = M„,a(-«,-j) 



and 



2(41)° 



2(n+l)° 



and 



Mn,a{i,j) = < 



2(n-i+l)° 
(n-i+]0_-(n-ir 



2(n-i+l)° 



1- 



(n+l)° 



if j = i + 1,« G [0,n- 1] 
if j = z — 1, i G [1, n] 
if j = i,i ^ {0,n} 
ii i = j = n 

ii j = i — l,i (z [i-,n\ 
ii j = i + l,i e [0,n - 1] 
iij = i^O 
iii^j^O 
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Let \n,a, ^n,a and Tn,a, Tn.a be the spectral gaps and total variation mixing times 
of Mn.ajMn.a- It lias been proved in [3 [18] that there is C > 1 such that, for all 
a > and n > 1, 

CXn,a W nj l + aj A„,a 

and 

1 ^ (n + a)V ^ C 



where v{n, 1) = logn and v{n,a) — {n^^°- — 1)/(1 — a) for a 7^ 1. By Theorem l4.21 
Tc and Ts have no cutoff in total variation but, for fixed a > 0, e S (0, 1/2) and 
<5g(0,1), 

{n^ if a e (0,1) 

n^logn ifa = l 
71^+" a a e {1,00) 

The above result in continuous time case is also obtained in [18j . 
To see the cutoff for J^, let 

^ ^ Y^ 7Tn,ai[-n, -n + k]) ^ V^ ^-a V^ -a 

" ^ Kai-n + k) ^ Z^-^ ■ 

/c=0 '^ ' fc=l J = l 



By Theorems 13 . 1115751 we have 

2i, 



3- < ri^^(l/10) < 3600i„. 



Note that, for /c > 1 and a > 0, 

fc"(fc + a) < Y^ -a < 2A;°(fc + o) 
2(1 + a) -^-^ - 1 + a 

This implies 

nin + g) ^(,) 14400n(n + a) 

6(1 + a) -^».alViuj_ ^^^ 

We collect the above results in the following theorem. 

Theorem 4.4. For n>\, let a„ > and 7rn,a„, ^^n.an ^e probability measures given 
by (14. 3p . Lei 7^,7-" 6e i/ie families of Metropolis chains for ■S'„^a„ , "^n.a^ «s above 
with total variation mixing time Tn.Tv, Tji.tv- Then, for e G (0, 1/2) and S € (0, 1), 

rpic) (,\ ^ t(S) , . _ n{n + an) 
1 + a„ 

where v{n, 1) = logn anrf w(n, a) = {v}^"" — 1)/(1 — a) for a ^ 1. 

Moreover, neither f^ nor fs has a total variation cutoff. Also, Tc and jFs have 
a total variation cutoff if and only if a„ — > 00 . 



id 
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4.2. Chains with monotonic stationary distributions. In this subsection, we 
consider birth and death chains with monotonic stationary distributions. For n > 1, 
let Qn = {0, 1, ...,n} and Kn be a birth and death chain on J7„ with birth, death 
and holding rates, Pn,i,<ln,i,Tn,i- Suppose that 

(4.4) Pn.i>qn,i+i, \fO<i<n. 

If Kn is irreducible, then the stationary distribution 7r„ satisfying 7r„ (i) < 7r„ (i + 1) 
for < i < n. Let j„ G fin and t„,€„ be the constants in Theorem 14.11 Assume 
that 7r„([0, j„]) X 7r„([j„,n]) and 

(4.5) max p„_i x min p„_i, max pn,i x min pn,i. 

0<i<jn 0<i<jn jn'^i<n jn^i<n 

Using a discussion similar to that in front of Theorem 14. 2[ one can show that 

In ^^ 



[ 1 y 7r„([0,fc]) 1 y 1 I 



and 



Pn,lO<j<j„ f-', 7r„(/c) 'p„j„ /^ 7r„(fc) 

This leads to the following theorem. 

Theorem 4.5. Let J- = {($!„, iir„,7r„)|n = 1,2,...} he a family of irreducible 
birth and death chains with f2„ = {0,1,..., n} and birth, death and holding rates 
Pn,i,<ln,i,fn,i- Let A„,T„_tv be the spectral gap and total variation mixing time of 
Kn and set 

■'y^ 7r„([0,A:]) ^^ 7r„([0,j]) >;^ 1 

^ 7r„(fc) o<j<j„ ^ 7r„(fc) ^^ 7r„(fc) 

Assume that 7r„([0,j„]) 5< 7r„([j„,n]) ancf (|4.5p holds. Then, for e G (0,1/2) and 
(5g(0,1), 

,_1 f Wn ■»„ 1 „(-c1 . X „f5-| . s { Un W„ 

A„ X m( 



^^, — — \ , Ti^iv(e) - 7;l*iv(e) - max <^ —^, 



Pn,j„ 

Moreover, Tc and Ts have a total variation cutoff if and only if 

Un/Vn^CG, {UnPn,jJ / (WnPn,!) -^ OO. 

For n > 1, let /„ be a non-decreasing function on [0,n] and set Fn{x) 
/o fn{t)dt and Gn{x,m) = J^ l/fn{t)dt. Note that if there is C > 1 such that 

C~^ fnii)7rn{0) < ^„(z) < C/„(i)7r„(0), VO < i < n, n > 1, 

then 

Fnik) , \ ^ 7r„([0,fc]) ^ ^2 ^F„(fc) 



2CH/n(fc) /" 'rn(fc) " V/n(fc) 

and 
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This implies 
and 



Let Un,Vn,Wn be the constants in Theorem 14.51 and assume that 

min p„,j X max p„ ^ x 1. 

0<i<n 0<i<n 

Consider the fohowing cases. 

Case 1: fnix) = exp{a„x^"} with inf „ a„ > and inf„^„ > 1. In this case, 
Fn{x) = 0{fn(x)) and Gn{x,m) = 0{l/fn{x)) for 1 < a; < m. By setting j„ = n, 
we obtain 

"""([Ojjn]) >; 7r„([j„,n]), Un^n, u„ x u;„ x 1. 
By TheoremEU A„ x 1 and, for e e (0, 1/2) and (5 G (0, 1), 

There is a total variation cutoff for J-"c or IF^- 

Case 2: /„(a;) = exp{a„a:^"} with < inf „ a„ < sup„ a„ < oo and < 
inf„ /?„ < sup„ (in < 1- Note that, for a G K and /3 e (0, 1), 

^ (xi-^"-') = (a/3 + (1 - /3)x-0 e"-'. 
This implies that, uniformly for n/2 < x and 1 + x < m < n, 

F„ (x) X xi-^" /„ (x) , G„ (x, m) X ^— ^ - -— - . 

\fnix) fn{m) J 

Letting jn = [n — n-'^^^"J yields 

By Theorem 14. 5[ J-c and J-g have a total variation cutoff and 

A„ X n^/^--^ ri^iv(e) >= ri'iv(e) =< ^'-^", V6 e (o, 1/2), 5 g (o, 1). 

Case 3: fn{x) — exp{a„[log(a; + 1)]''"} with < inf „ a„ < sup„ a„ < cx) and 
1 < inf„ /?„ < sup„ Pn < oo. Note that, for a G M and /3 > 1, 

^ / (x + l)e"t'°s(--+i)l^ \ ^ / . , l-(/3-l)/log(x + l) \ „[iog(.+i)]^ 

dx 1^ [l0g(x + l)]^-l ) \ '^ ^ [l0g(x + l)]'9-l J 

This implies that, uniformly for n/2 < x < m < n, 

^"^''^'~~ [log(x + l)]/3-.-i'^ 
and 

^ (X + I)e-""[1°S(:>^ + I)l^" (to + l)g-a„[log(m+l)]^" \ 



Gnix,m) 



[log(x + l)]^--i [log(TO + l)]A.-i 
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Set jn = n[l — (log?i)^^^"]. The above computation leads to 

Trni[0,jn]) ^ 7r„([j„,n]), u„ X n^ (log n) ^"'^" , w„ x n^(logn)^"^'^" x i(;„. 

By Theorem 14.51 both J^c and J^s have a total variation cutoff and, for e e (0, 1/2) 
and^e (0,1), 

A„ X n-2(logr.)2^"-^ T^^i^le) x n^Oogn)!-^" x ^(^^^(e). 

Case 4: /,i(a;) — exp{Q„[log(a; + 1)]*^"} with sup„ a„ < oo and sup„/3„ < 1. 
Note that, as a consequence of the mean values theorem, one may choose, for each 
< a < 1, a constant b e (a, 1) such that 

1 < Alii ^ cxp f a„ [(log(n + 1))''" - (log(an + l))^"! | 



/ (log(bn+l))^"-^ 
exp < anP„(l - a)n 



f 1-a 

< exp < sup a„ > < oo. 

L a n J 

This implies that, for a € (0, 1), one may choose a constant A > 1 (depending on 

a) such that 

1 A 

— — < 7r„(x) < — , Vx > an, n > 1. 
An n 

Choosing j„ = \n/2\ yields 7r„([0, j„]) x 7r„([j„,n]) and u„ x ?;„ x «;„ x n^. By 

Theorem 14.51 there is no total variation cutoff for Fc or Fs and 

7^Sv(e) >< ri'w(e) ^ K' ^ n\ Ve G (0, 1/2), (5 e (0, 1). 

4.3. Chains vi^ith symmetric stationary distributions. This subsection is ded- 
icated to the study of birth and death chains with symmetric stationary distribu- 
tions. Let K be an irreducible birth and death chain on {0, ...,n} with stationary 
distribution tt. Note that tt is symmetric at n/2, that is, 7r(n — i) = ■K{i) for 
< I < n/2, if and only if 

PiPn^i-i = qi+iQri-i, yO <i < n/2. 

By the symmetry of tt, we will fix jn = ["-/-^J when applying Theorem 14. 11 

Consider a family of irreducible birth and death chains, F — {(r2„,iir„,7r„)|ri = 
1,2,...} with Q,n = {0,1, ...,n}. Let Pn,i,q7i,i,f'n,i be respectively the birth, death 
and holding rates of Kn and t„,^„ be constants in Theorem 14.11 Assume that 7r„ 
is symmetric at n/2. Continuously using the fact (a + b)/2 < max{a, b} < a + b for 
a > 0, 6 > 0, we obtain 

i„x y ^«([o,fc]) 



k-k<n/2 '^"''^-' ™^^^{P"..k, qn,n-k} 



and 

'r„([0,j]) 



in X max >^ 



j-j<n/2 _^ ,^ 7r„(fc)min{p„,fc,g„,„_fc}' 



Theorem 14.11 can be rewritten as follows. 
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Theorem 4.6. Let T = {(f2„,iir„,7r„)|ri = 1,2,...} he a family of irreducible birth 
and death chains with J7„ — {0,1, ...,n}. Let A„ and pn,i,qnA,rnA be the spectral 
gap and the birth, death and holding rates of Kn- Assume that 

Pn.iPn.n-i-l = 9n,j+ign,n-i , VO < i < n/2. 

Then, for e £ (0, 1/2) and 6 G (0, 1), 
where 

i„= y ^»([o,fc]) 

..£:^,„ 7r„(fc)min{p„,fe,g„,„_fc} 
and 

(.n= max <7r„([0,j]) V — ttt — r-f . 

Moreover, the following are equivalent. 

(1) J-c has a cutoff in total variation. 

(2) For S (z (0, 1), J-s has a cutoff in total variation. 

(3) J-c has a precutoff in total variation. 

(4) For 6 € (0,1), J-s has a precutoff in total variation. 

(5) tn/in -^ OO. 

The next theorem considers a perturbation of birth and death chains which has 
the same stationary distribution as the original chains. The new chains keep the 
order of mixing time and spectral gap unchanged. 

Theorem 4.7. Consider the family in Theorem \4.6\ and assume that 

Pn,iPn,n-i-l = 9n,j+l<7n,n-i , VO < l < n/2. 

For n > \, let An C {0, ...,n — 1}, c„.i € [0, 1] for i £ An and Kn be a birth and 
death chain on ri„ with birth and death rates, Pn,i^qn,i, satisfying 

'Pn.i = Cn,iPn,i + (1 " C„,i) min{pn,i, qn,n-i} for i G An, 

qn,i+l = qn,i+lPn.i/Pn,i for i £ An, 

^Pn.i = Pn,i, qn.i+1 = qn.i+1 for i ^ An. 

Let A„,A„ and T'„_Tv(e)jT'n,Tv(e) be the spectral gaps and total variation mixing 
times of Kn, Kn. Then, given e € (0, 1/2) and <5 € (0, 1), 

where the approximation is uniform on the choice of An,Cn.i- 

Proof. The approximation of the spectral gap and the total variation mixing time 
is immediate from Theorem 14.61 whereas the uniformity of the approximation is 
given by Theorems 13.11 13.51 and 13.81 D 

Example 4.4. For n > 1, let Kn be a birth and death chain on {0, 1, ..., 2n} given 

by 

I 1/2 for even i 

Kn{l,l-hl)=Kn{l+l,l)^{ ' 

I l/(2n) tor odd i 
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By Theoreni l4.71 the mixing time and spectral gap of Kn are comparable with those 
of Kn-, where Kn{i-, i + I) = Kn{i + 1, «) = l/(2n) for < i < 2n. Let F be the 
family consisting of Kn- By Theorem 14.61 neither T^ nor T^ has a total variation 
precutoff and Ti%^{e) x T^^|v(e) ^ K^ ^ ri^ for aU e G (0,1/2) and S £ (0,1), 
which is nontrivial. 

Next, we consider simple random walks on finite paths with bottlenecks. For n > 
1, let fc„ < n and x„^i, ..., Xn,kn be positive integers satisfying 1 < Xn^i < Xn,i+i < n 
for i = 1, ..., kn — 1. Let Kn be the birth and death chain on {0, 1, ..., n} of which 
birth, death and holding rates are given by 

/, G^ J 1/2 for i ^ {a;„.i,...,a;„,fc„} 

(4-6) Pn,i-1 = qn,t = < _ . 1 / ■ / , ' 

|^e„j tor I = x„j, 1 < J < kn 

where e„.j e (0, 1/2] for I < j < kn- Clearly, Kn is irreducible and the stationary 
distribution, say 7r„, is uniform on {0, 1, ..., n}. The following theorem is immediate 
from Theorems 14.61 



Theorem 4.8. Let T he a family of birth and death chains given by (|4.6|) and A„ 
be the spectral gap of Kn- For n > 1, set 



^ 2 , v^ niin{x„,i,n + 1 - a;„,i} 

tn — ^ 1 / 

2—1 ' 


and 




£n — n"^ + max < 

j:j<n/2 . 

1 i:\x- 


y^ n/2 + l-j 


Then, for all e G (0, 1/2) and 6 e (0, 1), 





Furthermore, the following are equivalent- 

(1) J^c ^fls a cutoff in total variation- 

(2) For S € (0, 1), Fs has a cutoff in total variation- 
is) Fc has precutoff in total variation. 

(4) For (5 G (0,1), Fs has a precutoff in total variation- 

(5) tn/in -^ OO. 

Remark 4.1. Let t„,^„ be the constants in Theorem 14.81 Then, 

X ^ Xn.j X ^ n ~\- L Xn^j 



t.^n^+Y.'-r^+Y: 



and 



jeL„ '^"'■' je_R„ 



Xn.i X ^ ^ 



£n >i n + max > — ^ + max > 

where L„ = {i : Xn,i < ^/2} and i?„ = {i : a;„ ^ > ri/2}. 

Theorem ll.4l considers a special case of Theorem l4.8l with e„_i = e„ for 1 < i < fc„. 
It is clear from Theorem 11.41 that if /c„ is bounded, then no cutoff exists for Fc or 
Fs - The following example shows a case of cutoffs for the family in Theorem 11.41 
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Example 4.5. Let J-" be the family in Theorem ll.41 with fc„ = [n^/'^J — 1 and 

^5/6 

yi < i < kri 



jl/3_ 

Clearly, for n large enough, Xn,i 7^ Xn_j when i ^ j. Let a„,bn be the constant in 
Theorem II .41 It is not hard to show that 

a„ X n^/'' log n, 6„ x n^/''. 

By Theorem 11.41 J^c and J-s, with (5 e (0, 1), have a total variation cutoff if and 
only if e„ = o{n~'^^^ logn). Furtheromre, if e„ = o(n^^/^ logn), then 

(c) n^/^logn ffl w x^/ni\ 

^n,Tv(e) >; >;7;;,Tv(e), Ve,(5e(0,l). 

The following two theorems treat special cases of Theorem 14.81 

Theorem 4.9. Let F be a family of birth and death chains satisfying (|4.6p . Let N 
be a positive constant. Suppose, for n > 1, there are constants j}" , ..., J}^ and a 
partition of {1 ,..., kn} , say L^" \ ...,Ij^ , such that, for 1 < k < N , 

max{x„,i A (n + 1 - Xn,i)} ^ min {xn,i A (n + 1 - Xn,i)} ^ JI , 

where a Ab = min{a, 6}. Then, neither Tc nor Fg has a total variation cutoff. 
Moreover, 



Ti%^{e) X Ti%{e) x A.-^ x i„, Ve £ (0, 1/2), 5 E (0, 1) 



whe 




t„ = n + max 

l<fc<JV 

The next theorem gives an example that no total variation cutoff exists for J^c, J^s 
even when the constant N in Theorem 14.91 tends to infinity. 

Theorem 4.10. Let T be a family of birth and death chains satisfying (j4.6p . Sup- 
pose that miuj e„ j- x maxj e„ j and x^^i — [in/kn\ with k^ < n/2, then neither T^ 
nor Ts has a total variation cutoff, but 

TJ^l^ie) X ri^iv(e) ^ K' ^ maxjn^, nfc„/e„,i}, Ve G (0, 1/2), 6 G (0, 1). 

Remark 4.2. Note that the assumption regarding the birth and death rates in this 
section can be relaxed using the comparison technique in jlll 112) . 

Appendix A. Spectral gaps of finite paths 

This section is devoted to finding the correct order of spectral gaps of finite paths. 
Let G = (y, E) be the undirected finite graph with vertex set V = {0, 1, 2, ...n} and 
edge set E = {{i, i + 1} : i = 0, 1, ..., n — 1}. Given two positive measures tt, v on 
V, E with n{V) = 1, the Dirichlet form and variance associated with v and tt are 
defined by 

n-l 
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and 

Var,(/):=7r(/2)-^(/)2, 

where /, g are functions on V . The spectral gap of G with respect to tt, v is defined 
as 



^^'"^ """'Var^(/) 



/ is non-constant 



To bound the spectral gap, we need the following notations. Let C+ [i] and C_ {i) 
be constants defined by 

k=i+l k=j 

where niax0 := 0. 

Theorem A.l. Let G = {V, E) he a path on {0, f , ..., n} and tt, v he positive mea- 
sures on V, E with ■n{V) = f . Referring to (jA.f p . set G{m) — raax{G-f-{m), C_ (m)}. 
Then, for < m < n, 
1 



<A^..< 



4C(m) - ^'"^ - min{7r([0,m]),7r([m,n])}C(TO)' 
/n particular, if M is a median of t: , that is, 7r([0, Af]) > f/2 and Tr{[M,n]) > f/2, 



then 



1 , .^ , 2 



< A^, < 



4C(M) - "'''^ - C{M) 



Remark A.l. Referring to the setting in Theorem lA.li the authors of [7] obtained 
A^^ > 1/C", where 

^"' 4[0,fc]) " 7r([k,n]) 



G = mm max < > ,, , -r , > 



- \^k=0 ^ ' ^ k=j+l ^ ' ^ 

Theorem lA.ll indicates that 1/C{M) is always of the same order as the spectral 
gap and provides an estimate that can be significantly better than 1/C". 

The proof of Theorem lA.il is based on the following proposition, which is related 
to weighted Hardy's inequality on {1, ...,n}. 

Proposition A. 2. Fix n > 1. Let fi, n he positive measures on {1, ..., n} and A he 
the smallest constant such that 

n I i \ n 

(A-2) Y.[Y.9m lT{^)<AY^g\^)^^(^), Vg^O. 

Then, B < A<AB, where 



B = rnax <^ 7r([i,n]) V-— \ 

l<,<n 1 ^ ^{j) J 



Remark A. 2. Miclo [16] discussed the infinity case {1,2,...} using the method in 
[Tt] . which was introduced by Muckenhoupt to study the continuous case [0,00). 
For more information on the weighted Hardy inequality, see jl6] and the references 
therein. 
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Proof of Theorem \A.1[ We first consider the lower bound of A^ ^ . Let / be any 

function defined on V^ and set /+ = [/-/(m)]l{„ „} and /_ = [/-/(m)]l{o,...,m}- 

Then, 

(A-,) g.(/. /) -^ £Af, f) _ g.(/+, /+) + g.(/-, /-) 

^ ^ ^ Var^(/) - 7r(/ - f{m)Y TT{fl) + n{fl) 

Set g(j) — f(rn+j)~f(m+j — l) for 1 < j < n—m and h{i) — f{m~-i) — f{m—i+l) 
for 1 < i < m. Note that 

C\ 2 
g.g(fc) 7T{m + j), 
k=i J 

and 

\ 
^/i(fc) n{m-j). 

By Proposition IA.2[ the above computation implies that 

£Af+J+) > 1 £Af-J-) > 1 



nifl) -4C+(m)' 7r(/2) -4C_(m)- 

Putting this back to (JA.3P gives the desired lower bound. 

For the upper bound, we first consider the case C = C+{m). By Proposition 
IA.21 C+{m) < A, where A is the smallest constant A such that, for any function cj) 
defined on {1, 2, ..., n ~ m + 1}, 

(\ 2 
J](/.(/c) 7T{m + j)<AY^ <l>HjHm + j-l,m + j). 
k=i ) j=\ 

Let be a niinimizer for A, which must exist, and define V' by setting 

I (/)(1) + • • • + 0(i — m) for m < i < n 
' \0 for < i < m 

Clearly, l/C+(m) > 1/A = £y{xp,ijj)/iT{tp'^). Without loss of generality, we may 
assume further that is nonnegative. Note that 7r({'0 = 0}) > 7r([0, m]). By 
the Cauchy-Schwartz inequality, this implies 7r(V')^ < 7r({^ > 0})7r(V'^) < 7r([TO + 
l,n])7r(V'2) and, then, Var^(V') > 7r([0,m])7r(V'^). This leads to 1/C = l/C+(m) > 
7r([0,TO])A^_j,. Similarly, if C = C-{m), one can prove that 1/C > 7r([m, n])A^j,. 
This yields the upper bound of the spectral gap. D 

Proof of Provosition \A.2i The proofs of Theorem lA.il and Proposition lA.2l are very 
similar to those in [TB] . Note that A is attained at functions of the same sign and 
we assume that g is non-negative. As A is attainable, the minimizer g for A satisfies 
the following Euler-Lagrange equations. 

n 

(A.4) Ag(z)/i(i) = ^(g(l) + ...+5(j))7r(j), VI < z < n. 

This is equivalent to the following system of equations. 

A[g{i)Ki) - 5(* + 1)m(* + 1)] = (5(1) + • • • + gi^)Mi), VI < z < n. 
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with the convention that /i(n + 1) := 0. Inductively, one can show that g > 0. 
Summing up (|A.4p over {!,...,£} yields 

t In 

' " (5(i) + --- + ff(j)Mj) 



> 



EE' 



n(i) 
i=i j=e ^^ ' 



^(S*')(S^)'"'' 



n]). 



This leads to A>B. 

To see the upper bound, we use Miclo's method in [TF. Set N{j) = X]i=i 1/m(*)- 
By the Cauchy inequality, the left side of (|A.2p is bounded above by 

n i i ^ 

Note that, for s > 0,t > 0, t^/^ ~ s^'^ > (i - s)/{2t^/^). This implies 2{N^/^{1) - 
N'^I'^{1 ~ 1)) > l/(/i(/)iVi/2(Z)) with the convention that iV(0) := 0. Consequently, 
we have 



V —, < 2N^'^{i) < (- 



AB ^^/^ 



and, thus. 



4=1 \i=i / 1=1 ^1- ' J' j=i 

7r(i) 



■■^ — ' '^ — ' TT k,n K'^ 

Again, the inequality for s,t implies 

<') ^ o-n, ^iM/2 ^ ^4B 



E^7Tf^S2,(b-,nl)./=< 



This gives the desired upper bound. D 

Next, we consider a special case. Let tt, i/ are measures on 1^ = {0, 1, ...,n}, E = 
{{i, I + 1}|0 < i < n} with it{V) = 1. Suppose 

(A. 5) 7r(i) = 7r(ri — i), v{i, i + 1) = v{n — i — 1, n — i), VO < * < n/2. 

By the symmetry of tt and i', if ?/; is a minimizer for A^^ with 71(7/;) = 0, then ij} 
is either symmetric or anti-symmetric at n/2. The former is set aside because ip is 
known to be monotonic and this leads to the case ip{n — i) = —ip{i) for < i < n/2. 
If n is even with n = 2k, then ip{k) = and this implies 



,G _..,jE-=i(/«-/(»-i))'K*-i,*) 



'^■''^'"'l Et.J/^W^« 



/(fc)-0,/^O 
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Equivalently, if one sets g{i) = f{k — i) — f{k — i + 1) and /i(i) = ^{k — i, fc — i + 1) 
for 1 < i < k, then l/Aj^j, is the smaUest constant A such that 

fe / i \ k 

Similarly, if n is odd with n = 2fc — 1, one has 
,G _ ■ /E-=i'(/»-/(*-l))'K*-l>*) + 2/'(fc-l)Kfc-l,fc) 

A, '" 



Eto/^«^W 



/^o 




and this leads to (|A.6p with.g(l) = /(fc-1), /i(l) = 2iy{k-l,k) and, for 2 <i<k, 
g{i) ~ f(k — i) — f{k — i + 1) and ^{i) — v[k ~ i, fc — i + 1). A direct application of 
Proposition [X]2] implies the following theorem. 

Theorem A. 3. Let G = {V,E) he the graph with V = {0, 1, ...,n}, E = {{i,i + 
l}|z = < « < n} and let tt, i^ &e positive measures on V, E satisfying niV) — 1 and 
(TOjl . 5'ei iV = rn/2] . Then, 1/(4C) < A^^ < l/C, iw/iere 



C= max < 7r(fO,il) > — -, r / if n is even, 

0<i<N ' ^L I jy / , ../„■ ,■ , i\ ^ 

and 

[ /^"^ 1 1 
C — max < 7r(fO,il) > ^ H ; 7 I \ if n is odd. 

o<i<N) ^^ ' ^' \^. iy{j,j + 1) 2jy(iV- l,iV) ' ' ^ 

Remark A. 3. The symmetry of tt,i/ in Theorems IA.3I can be relaxed using the 
comparison technique. 
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